Ostrogradsky's method allows one to construct Hamiltonian formulation for a higher derivative system. An application of this approach to the Pais-Uhlenbeck oscillator yields the Hamiltonian which is unbounded from below. This leads to the ghost problem in quantum theory. In order to avoid this nasty feature, the technique previously developed in [Acta Phys. Polon. B 36 (2005) 2115] is used to construct an alternative Hamiltonian formulation for the multidimensional Pais-Uhlenbeck oscillator of arbitrary even order with distinct frequencies of oscillation. This construction is also generalized to the case of an N = 2 supersymmetric Pais-Uhlenbeck oscillator.
Introduction
Higher derivative theories attract interest mostly due to their nice renormalization properties [1, 2] . The method to construct Hamiltonian formulation for such systems has been proposed by Ostrogradsky [3] . In general, Hamiltonians obtained in such a way contain terms linear in momenta and are unbounded from below. This leads to the ghost problem on quantization [4, 5] . The desire to cure this problem stimulates the investigation of the Pais-Uhlenbeck (PU) oscillator [4] .
After applying an appropriate canonical transformation [4, 6 ], Ostrogradsky's Hamiltonian for the multidimensional PU oscillator of order 2n with distinct frequencies of oscillation ω k , k = 0, 1, .., n − 1, takes the form
When conventional quantization scheme is applied, the harmonic oscillators with negative overall factor bring about troubles with unbounded from below energy spectrum and, hence, with the absence of the ground state [4, 5] . This motivates a search for an alternative Hamiltonian formulation and quantization procedure which lead to physically viable quantum theory [7] - [19] . So far the efforts have been focused mostly on the one-dimensional PU oscillator of the fourth order [7] - [16] , [19] . In particular, an elegant method to obtain an alternative canonical formalism with positive-definite Hamiltonian has been formulated in [7] . This alternative formulation has been realized in two steps. At the first stage, two functionally independent integrals of motion which are quadratic in variables have been used so as to write down an ansatz for the Hamiltonian of the fourth-order PU oscillator. The second step implies the derivation of an appropriate Poisson structure. An attempt to generalize the results in [7] to the case of higher order PU oscillator has been made in [8] . However, this generalization exhibits some features which seem to contradict each other. On the one hand, the alternative Hamiltonian in [8] is not positive definite. In this sense it is not better than Ostrogradsky's one. On the other hand, it was claimed in [8] that the quantum theory of the PU oscillator constructed with the use of the alternative Hamiltonian is ghost free. As will be demonstrated below, the reason is that the alternative Hamiltonian together with the Poisson structure in [8] do not reproduce the equation of motion of the original PU oscillator.
One of the goals of the present paper is to use the technique introduced in [7] is order to obtain an alternative Hamiltonian formulation for the multidimensional PU oscillator of arbitrary even order with distinct frequencies of oscillation. We also explain which claims in [8] are incorrect.
Recently, in [20] , [21] an N = 2 supersymmetric extension of the PU oscillator has been constructed. It has been shown that the invariance of the model under time translations implies unbounded from below spectrum. The Hamiltonian can be presented as the sum of decoupled N = 2 supersymmetric harmonic oscillators with alternating sign. The corresponding quantum theory is characterized by the presence of negative-norm states and by the absence of the ground state. Our second concern in this paper is the construction of an alternative Hamiltonian for an N = 2 supersymmetric PU oscillator which is achieved by generalizing the method in [7] to the N = 2 supersymmetric case.
The paper is organized as follows. In the next section we apply the method previously developed in Ref. [7] to obtain an alternative Hamiltonian formulation for the PU oscillator of order 2n. In Section 3, in the same manner we construct an alternative Hamiltonian formalism for an N = 2 supersymmetric PU oscillator. We summarize our results and discuss possible further developments in the concluding Section 4. Some technical details are given in Appendix.
An alternative Hamiltonian formulation for the PU oscillator
The equation of motion of the multidimensional PU oscillator of order 2n can be written in the following form [4] where ǫ k , k = 0, 1, .., n − 1, are infinitesimal parameters. The Noether integral of motion which corresponds to the invariance under time translations is unbounded from below. This implies a similar property for Ostrogradsky's Hamiltonian which is the phase space analogue of (4). In quantum theory one reveals the well known problems which were discussed in the Introduction.
In the next subsection we remind some basic facts about the approach in [7] which leads to an alternative Hamiltonian formulation for the fourth-order PU oscillator.
The fourth-order PU oscillator
According to [7] , one can use the quadratic integrals of motion J 0 and J 1 so as to write down an ansatz for an alternative Hamiltonian
where α 0 and α 1 are arbitrary nonzero constants. This constant of the motion can play the role of the Hamiltonian provided the relations
hold with respect to some Poisson bracket {·, ·}. The latter is to be determined [7] . The conditions above can be expressed in the form of a system of linear algebraic equations. A unique solution to it yields the following nonvanishing Poisson-like structure relations for the variables of the configuration space [7] {x i , x
(1)
i , x
Evidently, this Poisson-like structure together with (6) correspond to Ostrogradsky's Hamiltonian formalism if α 0 = −1, α 1 = 1. The canonical coordinates with respect to the Poisson structure (8) have the form [4] 
dt ;
where sign(x) is the standard signum function. Indeed, it is straightforward to verify that these variables obey the following nonvanishing structure relations
under the Poisson bracket (8) .
The Hamiltonian (6) in terms of the canonical variables (9) takes the form
If α 0 and α 1 are both positive, then one has a positive-definite Hamiltonian. This obviously leads to the ghost-free quantum theory for the fourth-order PU oscillator.
The general case
In order to generalize an alternative Hamiltonian structure obtained in [7] to the case of the PU oscillator of order 2n, let us introduce the following integral of motion
where constants α k with k = 0, 1, .., n − 1 can take arbitrary nonzero values.
At the next step, we have to search for such a Poisson structure which produces the equations
In contrast to the analysis in the previous subsections, a straightforward calculation of this structure faces technical difficulties. Note, however, that (8) can be written in a more compact form
The corresponding Poisson bracket is defined in the standard way
One can straightforwardly verify that the equations (12) are satisfied with respect to this bracket by making use of the following identities
2 The proof of the identities (15) is given in Appendix.
where we denote
One can also show with the aid of these identities that the variables
obey the structure relations (10) under the Poisson bracket (14) . The existence of these coordinates implies also that the Jacobi identity is satisfied for the structure (13). The Hamiltonian (11) can be rewritten in the following form
The choice α k = (−1) k+1 corresponds to Ostrogradsky's approach. But if all constants are positive, the alternative Hamiltonian is positive-definite and is more suitable for physical applications.
In Refs. [16, 17] , in order to obtain an alternative Hamiltonian formulation of the PU oscillator, another approach is used which is based on the observation that the equation of motion (2) is equivalent to a system of second-order differential equations which describe a set of decoupled harmonic oscillators. Then the Hamiltonian formulation of the latter system is linked to the PU oscillator as well. The Hamiltonian (17) coincides with that in [16, 17] .
About the results in Ref. [8]
Let us consider an alternative Hamiltonian structure for the one-dimensional PU oscillator of the order 2n which has been obtained in Ref. [8] . The authors introduce the alternative Hamiltonian of the formH
It is evident thatH is not positive definite because for each value of n = 2, 3, .. there are negative coefficients among b k . In particular, for the fourth-order case one finds
In this sense the HamiltonianH is not better than Ostrogradsky's one (4) . It comes as a surprise that the quantum analogue of (19) presented in [8] has the form (Eq. (40) in [8] )
where a k , a † k are the creation and annihilation operators which obey the conventional commutation relations. It is obvious that the quantum theory determined by (20) is ghost-free.
It was claimed in [8] that the Poisson structure
yield equations (7) which involve the Hamiltonian (19) . However, the straightforward calculations give
which differ from (7). Suppose the coefficients b k are allowed to be amended, while the Poisson structure is fixed in the form (13) . With the aid of (8) one can find the Hamiltonian which corresponds to the structure (21) . Demanding the right hand sides in Eqs. (8) and (21) to be equal to each other, one gets the system of three linear equations involving two variables α 0 and α 1 1 ω
which has the solution
. Taking into account (5), one finally concludes that the correct choice of the coefficients b k in (18) for the fourth-order case is
Higher-order PU oscillators can be treated likewise.
Compatible generalizations
Consider the deformation of the Hamiltonian (11)
where
) is an arbitrary function. Let us require this function to obey the equations
under the bracket (14) . These conditions can be presented in the form
Subsystems (23) and (24) can be treated separately. The first subsystem (23) is homogeneous and includes n linear equations involving n partial derivatives of the function U. The matrix of this subsystem can be represented as follows
The corresponding determinant reads
(ω
Then the matrix of the subsystem (23) is nondegenerate and one has only the trivial solution
The subsystem (24) is a homogeneous system of n − 1 linear equations on n partial derivatives of the function U which has infinitely many solutions.
It is straightforward to verify that owing to (24) the following relations
hold. When verifying these formulae, the identities (15) prove to be helpful. Thus, we have the following ansatz for the function U
which preserves the Hamiltonian structure of the equations
Then the Hamiltonian H int can be viewed as describing a deformed PU oscillator whose equations of motion read
In a recent work [17] (see also [16] ), this modification of the one-dimensional PU oscillator 3 has been investigated with the use of the concept of the Lagrange anchor [24] . It was demonstrated that (27) follows from the variational problem only if α k = (−1) k+1 . Otherwise, this equation can be viewed as a non-variational deformation of the original PU oscillator. We thus conclude that the model in [17] can be treated as the unique generalization of the PU oscillator which is compatible with the Poisson structure (13) .
The existence of the class of functions (26) allows one to construct new interacting nonvariational systems which admit canonical formulation with positive-definite Hamiltonian. It suffices to choose all α k to be positive. Then the Hamiltoniañ
together with the Poisson structure which results from (13) and the relations
correspond to the PU oscillator and nonrelativistic particle which interact with each other.
The dynamics of this model obeys the following system of equations
If the function U = U 1 U 2 is positive-definite, then the Hamiltonian (28) also has the same property.
In a similar fashion one can realize the coupling of the PU oscillator with the harmonic oscillator, with another PU oscillator, etc. Many particle generalization is straightforward as well.
3. N = 2 supersymmetric PU oscillator
An alternative Hamiltonian formalism
Let us generalize the results obtained in the previous section to the case of N = 2 supersymmetric PU oscillator [20, 21] . Apart from x i this model is described by extra bosonic coordinates z i and by fermionic coordinates ψ i ,ψ i which are complex conjugate to each other. The evolution of x i is governed by (2) while the dynamics of other variables is described by
where we denoted ω −k = −ω k . The equations (2), (30) can be derived from the action functional [21]
This action is invariant under time translations. The corresponding Noether integral of motion can be presented in the form [21] 
where J k with k = 0, 1, .., n − 1 are defined in (5), while
4 For the fourth-order N = 2 supersymmetric PU oscillator the integral of motion
corresponds to the symmetry transformations
The quantities F k and J −k are integrals of motion which correspond to the following symmetry transformations
where ε k and ǫ −k are infinitesimal parameters of the transformations corresponding to F k and J −k , respectively. If we deform the Hamiltonian (32) as follows
and require that the equations (12) and their analogues for the variables ψ i ,ψ i , z i are satisfied, then the following graded Poisson bracket is found
where the coefficients f sm andw sm are defined by
and w sm was introduced in (13) . The fact that this bracket produces the Hamiltonian equations for all the variables of the configuration space of an N = 2 supersymmetric PU oscillator can be verified in the same way as it has been done for the Poisson structure (13) in the previous section (some helpful formulae are given in Appendix). Let us introduce the oscillator coordinates [4, 21] x
5 As usual, all coefficients are arbitrary nonzero constants.
where (·) * stands for the complex conjugation. These coordinates obey the structure relations
In terms of coordinates (16), (37) the Hamiltonian (34) takes the form
As in the bosonic case, one has a Hamiltonian which is more suitable for quantization only if all coefficients α k are positive. On the other hand, the presence of the negative coefficients γ k leads to the structure relations {ψ (38)). As was demonstrated in [21] , on quantization these relations immediately bring about the negative norm states. So, one has to set all the coefficients γ k to be positive as well. The corresponding Hamiltonian reads
Along with the Hamiltonian, the full formulation of an N = 2 supersymmetric PU oscillator involves supercharges. We obtain these in the next subsection.
Supercharges and other integrals of motion
The form of the Hamiltonian (39) allows one to use the action functional
so as to obtain integrals of motion for the original N = 2 supersymmetric PU oscillator. In particular, the Hamiltonian (39) is the Noether integral of motion which corresponds to the invariance under time translations. Moreover, a conventional Hamiltonian formulation for the model (40) leads to the structure relations (10), (38) (for technical details see, e.g. [21] ). The supersymmetry transformations
lead to the desirable supercharges
The action functional (40) is also invariant under the bosonic and fermionic translations
as well as under rotations
where ω ij = −ω ji , and the U(1) R-symmetry transformations
The Noether theorem yields the integrals of motion
which obey
. Despite the fact that our alternative Hamiltonian formulation has been obtained beyond the conventional technique, we are still able to use the Noether theorem to construct integrals of motion of an N = 2 supersymmetric PU oscillator by using of the action functional (40).
To conclude this section, let us clarify some details regarding quantization of an N = 2 supersymmetric PU oscillator with the Hamiltonian (39). In order to construct a quantum counterpart of this model, we introduce the hermitian operatorsx 
Let us also introduce the creationā
which obey the structure relations
The quantum Hamiltonian can be written in the form
Evidently, this variant of the quantum N = 2 supersymmetric PU oscillator has a stable ground state as well as a bounded from below energy spectrum. The Hilbert space does not contain negative norm states.
Conclusion
In this paper we have constructed an alternative canonical formulation for the PU oscillator of order 2n with positive-definite Hamiltonian following the method originally proposed in [7] . The corresponding Poisson structure has been used in order to find possible generalizations of the PU oscillator which are compatible with the alternative Hamiltonian formulation. A procedure to construct interacting many-body mechanics whose dynamics is governed by a system of nonvariational equations has been proposed. An alternative Hamiltonian formulation for an N = 2 supersymmetric PU oscillator has been constructed as well.
In Refs. [25, 26] (see also [27] - [30] ) it was shown that the PU oscillator is conformal invariant provided frequencies of oscillation form the arithmetic sequence ω k = (2k +1)ω 0 . It is interesting to investigate how the conformal invariance can be realized within the framework of the alternative Hamiltonian formulation. Possible generalizations of an N = 2 supersymmetric PU oscillator which are compatible with the graded Poisson structure are worth studying as well. This requires more a sophisticated construction because one has to deform both the Hamiltonian and the supercharges in such a way that these deformations preserve both the Hamiltonian structure of the equations of motions and the algebra.
In Refs. [16, 17] the stability of the PU oscillator has been investigated with the aid of the concept of the Lagrange anchor [24] . The latter can be applied to study higher-derivative field theories as well [16] . It is of interest to see how this method works for an N = 2 supersymmetric PU oscillator.
Appendix. The proof of identities (15) a) Let us prove that
First take into account that σ If p = k the determinant is equal to (−1) k V . Otherwise, it is zero. So, one has
b) Let us prove another identity from (15)
At the first step, let us show that it holds for p = 0. Taking into account that σ
, which implies that
Let us consider the case p = s = 0 and prove by induction that
Indeed, it is straightforward to verify that this identity holds for n = 2. Then the chain of identical transformations
At the next step, let us prove that the identity (A2) holds for s ≥ p. To this end, we use the following relation So, if the inequalities 0 ≤ r + s ≤ n − 2 are satisfied, this expression is equal to zero. This is true for s < p. Thus, the identity (A2) is proved. 
